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R — Lesson 5
Logic for Al Propositional calculus

Logic in Al

A tool of analysis, a basis for knowledge representation, a
‘ programming language. Kinds of logic.

Formulae syntax and semantics

F Atoms, logical connectives, and formulae syntax.
Interpretation of and classification formulae.

Check inference

Truth table, algebraic transformation of formulae,
inference using rules. Resolution proof technique.

Automate reasoning in Z3

Basic comands: constants, functions, assertions,
satisfability check, and model.
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Logic in Al
Theorem-proving and model-construction techniques

e atool of analysis
* a basis for knowledge representation
* a programming language

e application techniques:
— Logic programming
— Description logics
— Theorem proving
— Model construction
— Cognitive robotics
— Merging, updating, and correcting knowledge bases oo B @E | SKEMA
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Kinds of logic

Artificial Intelligence, Logic and Formalizing Common Sense

* philosophical logic

e formalization of common sense and reasoning
* binary logic

* fuzzy logic

* circumscription

* modal logic

e casual logic

* temporal logic

AccAROTID BUSINESS SCHOOL



Propositional logic

How to do

* formalize propositions as atoms

* represent information as formulae using logical connectives:
— hot
— and
— Or
e go from information we already have to new information - reasoning
or inference

— modus ponens
— resolution
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Logical representation of knowledge

Syntax and semantics

* Syntax:

— Syntaxes are the rules which decide how we can construct legal sentences
in the logic.

— |t determines which symbol we can use in knowledge representation.
— How to write those symbols.

e Semantics:

— Semantics are the rules by which we can interpret the sentence in the
logic.

— Semantic also involves assigning a meaning to each sentence.
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Z3 theorem prover

https://microsoft.github.io/z3guide/

* Freeform Editing — online version:
v’ declare constants
v’ declare functions
v' make assertions
v' check satisfability

BUSINESS SCHOOL



Z3 online

B Freeform Editing | Online 23 Guic X + A — >

<« = C # microsoft.github.io/z3guide/playground/Freeform%20Editing G & % O % 0O @ :
Z3 Guide  SMTLIB Tutorial Programming Z3  Playground GitHub[@ -0 Q Search [m
Freeform Editing A > Freeform Editing

Guess the Secret Formula

Testing Page for Code Snippets F reefo rm Ed iti n g

Run Z3 on SMTLIB on the web!

{(declare-const p Bool)

(declare-const gq Bool)

(declare-const r Bool)

{define-fun conjecture () Bool
(=> (and (=> p q) (=>qr))
| (=)

(assert (not conjecture))

(check-sat)

Output (outdated):

0O = O W =

sat

Logic-for-Al-CM&-...pdf  ~ Logic-for-Al-CM7-...pdf  ~ Logic-for-Al-CMG-...pdf A~ Logic-for-Al-CM5-...pdf  ~ Logic-for-Al-CM4-...pdf  ~ Show all X
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Atoms

A proposition is a declarative sentence that is either True or False, but not both

* Propositional calculus is a branch of logic that deals with
propositions, which can be true or false, and relations between
propositions, including the construction of arguments based on
them. Compound propositions are formed by connecting
propositions by logical connectives. Propositions that contain no
logical connectives are called atomic propositions. Examples:

The sun rises in the East
Paris is the capital of France

£ wmo v
he o B x| SKEmMa
AAcsB BUSINESS SCHOOL



Logical connectives (operations)

* negation (-P) —logical “not P”: when P is True, -=P is False; and
when P is False, =P is True

e conjunction (PAQ) —logical “P and Q”: is true in only case when
both are True, and is False otherwise. Other symbol &

e disjunction (PvQ) — logical “P or Q”: is False in only case when both
are False, and is True otherwise

 implication (P->Q) — material conditional “if P then Q”: Q is true
whenever P is true

e identity (P¢>Q) — biconditional joins "P if and only if Q“: P and Q
have the same truth-value
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Truth table

o
< >
5 9 3
2 (J) ©
All combinations of arguments’ values § = g
@) o Y
not and or ) e o
P P PAQ |PVQ |P®Q |P>Q |Po0Q
1 0 0 0 0 1 1
1 0 0) 1 0] 1 1 1 0
1 0 0 1 1 0 0
1 1 1 1 0 1 1
False: 0
True: 1
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Conjunction check in Z3

Get a model that satisfies the function

(declare-const p Bool) sat
(declare-const g Bool) (

(define-fun conjecture () Bool (define-fun p () Bool

(and p q))
(assert conjecture)
(check-sat)
(get-model)

true)
(define-fun g () Bool
true)

(define-fun conjecture () Bool

(and p q))
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Using Z3 to check satisfability and tautology

Polish prefix notation of formulae

* write formula in conventional way
e create tree of formulae
e write Polish prefix notation: (operation operandl operand?2)

 when traversing tree, write node mark, then left subtree,
then right subtree @
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Z3 basic commands

* Declare constant

(declare-const p Bool)
* Declare function

(define-fun conjecture () Bool (and p q))
* Assert formula —add into Z3 stack

(assert conjecture)

* Check satisfability of all formula in stack — there is an interpretation that makes
all asserted formulas true

(check-sat)

* Get model — interpretation that makes formula satisfiable (for satisfiable
formula)

(get-model)
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Valid formulae

Syntax

 atom is avalid formulae
* for any valid formulae x and y, the following formulae are valid:
-X and -y
XAY
XVy
XY
XY

(x) and (y)
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Language formalization example

Assign variable symbols to propositions

“If today is Tuesday, | have a test in English or Science. If my English Professor is
absent, then | will not have a test in English. Today is Tuesday and my English
Professor is absent. Therefore | have a test in Science.”

T: Today is Tuesday

E: | have a test in English 1.T->(EVS)
S: | have a test in Science 2.A->-E
A: My English Professor is absent 3.TAA
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Interpretation of formula

Assignment of truth values to atoms

* An interpretation of a theory is the relationship between a
theory and some subject matter when there is a many-to-one
correspondence between certain elementary statements of the
theory, and certain statements related to the subject matter.

* The formal language for propositional logic consists of formulas
built up from propositional symbols (atoms) and logical
connectives. The standard kind of interpretation is a function
that maps each propositional symbol to one of the truth values
true or false.
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Logical equivalence

Check using truth table

* Two formulae x and y are logically equivalent when for any
interpretation they have the same truth values — columns of
truth table coincide.

* Truth table for a formula (function) of n propositional
variables contains 2" values.

e Standard truth table considers False as O and True as 1 and
uses increment in binary numbering system to come to the
next interpretation starting from all zeroes.
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Classification of formulae

Can be checked using truth table

* satisfiable — is true under at least one interpretation

* tautology — is true in any possible interpretation (is
always true)

e contradiction — unsatisfiable statements (is always
false)

* logically contingent — is neither a tautology nor a
contradiction
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Check reasoning in propositional logic

Can be checked but via NP-complete (exponential complexity) procedures

* Check tautology via composing truth table

* Equivalent algebraic transformation of
formula

* Logical inference using rules of reasoning

From inference to formula — conjunction of premises
implication conclusion oo B 4 | SKEmMa
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Check reasoning

Reasoning is correct when conjunction of premises implication conclusion is a tautology

1.T->(EVS)

2.A->-E
3.TAA Compose a formula

. &
(((T - (EVS)) A (A > —E) AT AA)) >S
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) (declare-const t Bool)
Check taUtOIOQY in Z3 (declare-const e Bool)

Check satiability of negation (C eclare-const s BOOl)

(declare-const a Bool)
1.T->(E Vv S) (c
2.A->-F

efine-fun conjecture () Bool
(=>(and (=>t (ores)) (and (=>

3.TAA a (not e)) (and t a))) s)
. S )
. (assert (not conjecture))
Output: (check-sat)
unsat
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Algebraic laws of logic

Associativity of V:
Associativity of A
Commutativity of V-

Commutativity of A

l[dentity for V-
|dentity for A:

Annihilator for A:

Complementation 1
Complementation 2

eV (yvaz)=(zVy)Vz Annihilator for - zv1=1M8"
zA(yAz)=(zhy) Az Idempotence of V: aVe=z
tVy=yve Idempotence of A: ETNE=T
TAY=yAe Absorption 1: zA(zVy) ==
Distributivity of A over \: eA(yvz)=(zAy)V(zAz) |
v Absorption 2: zV(zhy) ==z
zV0=uz
NE Distributivity of Vover A: 2V (y A z) = (zVy) Az V 2)
Al =T
zAD=10
Az =05 De Morgan 1 Ay =-(2Vy)
e e =1 De Morgan 2 -V -y =—(xAy)
—(—z) ==z Absorbtion 3: XxyVx=yVx

Double negation

L
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Equivalent algebraic transformation of formula

Replace implication: x -> y =X Vy

(((T - (EVS))(A - —E)TA) -S=

=((TV(EVS)AVETA)VS=(TVEVS)V(AVE)VTAV S=

=TESVAEVTVAVS=TESVEVTVAVS=

Algebraic style: conjunction omitted like multiplication,
negation over variables and expressions I v ‘ skema
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Rule of Inference Tautology Name
K
P+ i
| (pAlp —q)) = g hModus Ponens
iy
pP—r 4
A ¥ (=g Aip—q)) — —p Modus Tollens
pr g
q—+r
Sp =T ((p—q) A g — 1)) — (p— 1) || Hypothetical syllogism
—F
Py
o (—pApVyg)) =g Digjunctive Syllogism
P
SoApy gl p—ip gl Addition
(pAg) —r
cp— g =) ((phg) = 7)) = (p— (g —r1)) Exportation
Py
T
ST ((pvg) A (—pvr)) =gV Hesolution

Rules of reasoning -

inference rules
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Proof by resolution technique

Resolution (and disjunctive syllogism) rule

* Prove via contradiction
 Add negation of conclusion to premises set

* Apply resolution rule, adding results to the set
of formulae

e (Obtain contradiction
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Resolution proof example

TVEVS AVE,T,A S

TVEVS,T
EVS

EVS,S
E

AVEE

1.T->(EVS)
2.A->-E.
3.TAA

..S

Resolution rule:

xXVyxVz

yVz
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* Synthesize logic function

)
* Minimize logic function E
e Compose scheme of gates 3
 An example —one bit adder: -E
s= x®Y) P cin -
cout = (xDy) ANciin) © (xAy) -
O
Automated design in Verilog - c
LD
txorsunnamed.sv:1243 $andbunnamed.sv: 1264 m-r r o C_0Le —
! . - Fxors $ ! d v
Sandfunnamed.sv: 1255
D
i = &xor unnamed.w:llﬂc_in S ) .l ,f_ sr(ema
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Sequential adder of four bit numbers

Y

-
I L 1
fulladder1 L fulladder1
—] X gl R 55—
e - -
¢ outb— ——— cin cooutp— ~ 3
- —cn = rpped |
cin - =1
a f—
4 /
] o ripplel fulladder1
4
4 =] 2 —- ] -
4 /’ I\-. —Jcin c_out
— 21— !
i ° i 52
1 sl

le™

LIUNU
o emea %I “Equis

—t O
—1 a B
- P [ —— ] P11l
r’r'" — 3 SUM
fulladderl
s|—/
W
cin c_out p— carry - .
53 pp—
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Task 1

Propositional logic — check reasoning

* For a given reasoning offer at least two verbal
interpretation in natural language

* Check reasoning manually via:
— truth table
— equivalent transformation of formulae
— resolution technique

* Checkreasoningin Z3
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Variants for task 1 c OVP.0>RH-P—R

0. P>Q,PVR QR
6. Q->P,P->ROFR
1. P—)(Q—)R),ﬁl—Q _
7. PO>RR+-QVP
2. OVP,P >R, QF+R
- 8. Q—-P,Q—->RRHFP
3. (PVQ)->RRFHQVP

i 9. @»>P)>(Q@~->R),QFR
4. POVR,Q->RRFP
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