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Abstract: The aim of this paper is to introduce a concept of subnet with input
and output places, especially, the specific class of the functional subnet and to
construct formal methods for the decomposition of an arbitrary Petri net into
subnets. The generating family of subnets is presented and grounded. An
efficient polynomial algorithm of the decomposition of an arbitrary Petri net is
constructed.

| ntroduction

There are alot of propositions to use a union of places of elementary netsto
compose a Petri net. Wide known examples can be found in [1]. Moreover it is useful to
consider a Petri net as a dynamic system transforming input flow of tokens into output
ones. In such case nets with input and output places are considered [2,3].

In precent work the inverse task is solved. The aim of this paper isto construct a
forma method for the decomposition of an arbitrary Petri net into subnets with input
and output places. A polynomial algorithm of the decomposition is obtained. The result
of the concrete Petri net decomposition is presented at the Cover Picture.

Note that this little paper isin essence a brief overview of [4], which contains all
the proofs, the analysis of another approaches to decomposition and some additional
concepts.

Basic concepts
Petri netisatriple N = (P,T,F), where P isthefinite set of places, T isthe

finite set of transitions; the flow relationF I P* TUT” P defines aset of arcs
connecting places and transitions. Hence, a Petri net is bipartite directed graph [1]. One
part of nodes consists of places, another part consists of transitions. In thiswork we do
not introduce a concepts of token and dynamics of the net. Only structural properties
will be investigated. All results will be obtained for the class of bipartite directed
graphs; therefore they are applied to various classes of Petri nets used graph N.

We introduce the special notations for the sets of input, output and incident nodes

of theplace: " p={t|$(t,p)T F}, p ={t|$(p,t1}1 F}, p=pUp .

Similarly we may define the sets of input, output and incident nodes of the
trangition and of an arbitrary subset of places (transitions).

A net with input and output placesisatriple Z =(N, X,Y), where N is Petri
net, X I P-input places, Y I P - output places and the sets of input and output places
donot intersect X (Y = 4. Placesfromtheset of Q =P\ (X UY) arecadled internal.

During investigation of such nets the external flow of tokensis directed to the
input places and the result of the net behavior is observed in the output places [2,3].
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Input and output places are named the contact ones. Dependent on the constraints
imposed on the set of arcs of contact places, there are various definitions [2,3] of such
nets. In this work we shall consider the strictest class so called functional nets[3].

A functional net is anet with input and output places such that the input places

do not have input arcs and output places do not have output arcs; " pT X: p = /&,

"pl Y:p =/. Input places are the sources and output places are the drains in the
terms of the graph theory [1]. We shall denote the functiona netas Z = (X,Q,Y,T,F),
with respect to correspondent elements of Petri net N. In the general case the set of
contact places of afunctional net may be empty.

Statement 1. An arbitrary Petri net N may be considered as the functional net
where the s X consists of the sources and the set Y consists of the drains of the net N.

Further, do not restricting the generality, we shall consider only functional nets
allowing the empty sets of contact places.

A Petri net N(=(P(T(F( issubnetof N, if P(i P, T¢I T,F(i F.

Anet N(=(P(T(F() iscaled asubnet of N generated by the specified set of
nodes B(P(T () if Ntisasubnet of N and F ¢ contain all the arcs connecting the nodes
P T ¢in the source net:

Fe={(p.t)| pl PGl T¢(p,t)I FYU{(t,p)|pl PutT T4 (t, p)T F}.

A subnet generated by the specified set of transitions B(T () is a subnet
B(P(T(,suchthat Pt={p|pl P,$tT T (t,p)T FU(p,t)T F}.In other words,
together with the transitions from T (subnet contains all the incident placesand is
generated by these nodes.

Further we shall consider mainly all the arcs connecting the specified nodes in the
source net; that is we shall consider subnets generated by the set of nodes. Therefore for
brevity we shall omit the flow relation implying the source relation F.

A functional net Z = (N¢, X,Y) isa functional subnet of the net N and denoted
by Z >~ N, iff N¢isthesubnet of N and moreover Z is connected with the residuary
part of the net only by the arcs incident to contact places so that input places may have
only input arcs and output places may have only output arcs. Hence:

"pl X :{(pt)[tT T\TG =4&,"pl Y:{(t,p)|t] T\TG¢ =4,

"pl Q:{(p)|tT T\TG=AU{(t,p)|tT T\T¢=£&.

Statement 2. A functional subnet is generated by the set of own transitions.

So, the set of transitions defines the functional subnet uniquely. If we consider the
constraints of the arcs for the contact places we shall conclude that the residuary part of
the source net is the functional subnet also. At that the source net may be obtained by
the way the union of subnets by means of merging of the contact places of opposite
classes: input with output and output with input.

The difference of the source Petri net N and it’s functional subnet Z¢ isthe
subnet Z«¢=N - Ztwhere Z«=(Y,P\(XUYUQ), X,T\TY.

Statement 3. If Z¢>-N,then N- Z¢(>- N,

A functional subnet Z¢> N isaminimal iff it does not contain any another
functional subnet of Petri net N.




Propertiesof the functional subnets

Theorem 1. The sets of transitions of two arbitrary minimal functiona subnets
Z ¢ and Z«of Petri net N do not intersect.

Conclusion 1. The sets of internal places of two arbitrary minimal functional
subnets Z¢ and Z« do not intersect.

Conclusion 2. The set of minimal functional nets A ={Z’}, Z’ = N definesthe
partition of the set T into nonintersecting subsets T! so T=UT!, T'NT* =&, j? k.
j

It is necessary to be mentioned that in the general case the minimal subnet does
not imply a not great quantity of nodes but suppose that the subnet is not to be divided
into an internal subnets.

Theorem 2. Any functional subnet Z¢ of an arbitrary Petri net N isthe sum
(union) of the finite number of the minimal functional subnets.

In Fig. 1 the functional subnet that is the sum of two minimal functional subnets
shown at Cover Picture is presented.

Conclusion. The partition of the set T defined by the set of minimal functional
subnets is the generating family of the set of the functional subnets of Petri net N.

The goa of thiswork isto construct an efficient algorithm for the search of such
generating family for a given Petri net.

Fig. 1. Functional subnet as the sum of two minimal subnets.



Algorithm of decomposition
Subnet Z = B(R) = (X,Q,Y,R) of Petri net N isa completein N, iff conditions

X'I R, YI R, Q1 Rholdtruein N.

Algorithm 1: i

Step 0. Choose an arbitrary transition t1 T of the net N and include it in the set of
selected transitions R:={t} .

Step 1. Construct the subnet Z generated by theset R: Z = B(R) = (X,Q,Y,R).

Step 2. If Z isthe completein N, then Z is the sought subnet. Stop.

Step 3. Construct the set of the absorbed transitions:

S={t|tT X Utl RUtl YUtl RUtl 'Q Utl R}.

Step 4. Assign R:=RUS and go to Step 1.

Theorem 4. Subnet Z isthe completein Petri net N iff it is the functional subnet
of N.

Theorem 5. Subnet Z constructed by Algorithm 1 isthe minimal functiona
subnet of Petri net N.

Thus, Algorithm 1 construct aminimal functional subnet Z of Petri net N. Let us
assumei:=1and Z':=Z.Thenweassign N := N - Z and repest execution of
Algorithm 1 inthe case if the set T is not empty. Continuing in such a manner and
choosing i =i +1, we construct the set of minimal functional subnets z*,z2,...,Z* of
Petri net N representing the desired partition of the source net.

The result of execution of the algorithm is shown at the Cover Picture. The

picture represents the source net and the set of minimal subnets as the result of the
decomposition.

Theorem 6. Algorithm 1 has the polynomia complexity o(n®), where n isthe
number of nodes of the net.

Note that the algorithm processes each transition of the net once; the higher

degree of the polynomia in the estimation of the complexity is defined in the general
case by the number of arcs connecting the nodes of the net. An upper bound of themin

the complexity estimation is chosen as n?. The practical investigation of the dozens of
real models using program realization of Algorithm 1 showed that models of red
systems have no high density of the arcs; in most cases it does not exceed a constant ¢
for every node of the net. In that case the complexity of the algorithm islinear.
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